We investigate a spherical overdensity model for the non-clustering dark energy (DE) with the constant equation of state, ω de in a flat universe. In this case, the exact solution for the evolution of the scale factor is obtained for general ω de . We also obtain the exact (when ω de = − ≃ 147 when z vir increases. We find that the observed quantities at high redshifts are insensitive to the different ω de models. The low-redshift cluster (z vir ∼ 0.04, i.e., z ta ∼ 0.7) shows the most model dependent feature and it should be a suitable object for testing DE models. Also as Ω 0 m increases, the model dependence of the observed quantities decreases. The error in the approximate solutions is at most 2 % for a wide range of the parameter space. Even though the analytic forms of y and ζ are obtained for the constant ω de , they can be generalized to the slowly varying ω de . Thus, these analytic forms of the scale factor, y, and ζ provide a very accurate and useful tool for measuring the properties of DE.
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Introduction
Galaxy clusters are the largest virialized structure formed by the gravitational collapse of small density perturbations. The spherical collapse model (SCM) is a simple and powerful tool for investigating the evolution of nonlinear structure and bound systems in the Universe [1, 2] .
Since the formation of the large scale dark matter potential well of clusters depends only on gravitation, the property of dark energy (DE) and the cosmological parameters can be constrained from the growth of large scale structure and the abundances of rich clusters of galaxies. There have been numerous papers investigating this problem with the spherical collapse model [3, 4, 5, 6, 7, 8, 9, 10, 11, 12] .
In order to prohibit the spherical overdensity from collapsing to a singular point in a finite time, we need to use the virialization in the SCM. The common mistake in literatures is that one uses the correct value of the finite virial radius of the overdensity from the virial theorem but still uses the incorrect value of the background scale factor for an Einstein de Sitter (EdS) universe. However, this leads to an incorrect conclusion that the bound systems are formed when the nonlinear overdensity is about 178. Equally, this leads to the incorrect critical linear threshold density 1.68 [13] . When we use the correct values of the virial radius and the scale factor at the virial epoch, these values are lowered to 147 and 1.58, respectively.
In the next section, we review and analyze the SCM model in a flat universe including the non-clustering DE with the constant equation of state ω de . We obtain the exact solution for the evolution of the scale factor (a) in terms of the ratio of it to its value at the turnaround epoch (x ≡ a ata ). We also obtain the exact (when ω de = − are obtained for general ω de . The given approximate solutions have the less than 1.5 % errors over the parameter space in the concordance model. In Sec. 3, we use the virial theorem to obtain the correct values of x and y at the virial epoch. We compare the values of the virial epoch and the nonlinear overdensity for the different models. We conclude in Sec. 4.
Spherical Collapse Model
Background evolution equations of the physical quantities in a flat FRW universe with the matter and the DE are given by
3)
where a is the scale factor, ω de is the equation of state (eos) of the dark energy, ρ cr is the critical energy density, and ρ m and ρ de are the energy densities of the matter and the dark energy, respectively. We consider the constant ω de models only.
We investigate a spherical perturbation in the matter density [1, 2] . ρ cluster is the matter density within the spherical overdensity radius R. The flatness condition is not held because of the perturbation in the matter. Thus, we have another set of equations governing the dynamics of the spherical perturbation [3] :
5)
where
where ρ dec is the DE density within the cluster. α = 0 gives the clustering behavior of DE and α = 1 means the homogenous DE satisfying Eq. (2.4). For α = 1 case, the system does not conserve energy as it collapses from the turnaround to the virialized state. We can solve Eq. (2.7) for the constant α,
where a ta and R ta define the scale factor and the radius at the turnaround redshift z ta . There is an ambiguity of ρ dec in Eq. (2.8) because it is a function of both a and R except when α = 1 or 0. Independent of α, the radius of the overdensity R evolves slower than the scale factor a and reaches its maximum size R ta at z ta and then the system begins to collapse.
Now we adopt the notations in Ref. [5] to investigate the evolutions of a and R,
Then from Eqs. (2.1) and (2.5), we obtain
12)
, and x ta = 1 from Eq. (2.9). Ω 0 m and Ω 0 de represent the present values of the energy density contrasts of the matter and the DE, respectively. Q cta becomes Q ta when α = 1 (non-clustering DE). Also when ω de = −1/3 or −1, Eq. (2.12) becomes independent of α. We can solve Eq. (2.12) analytically in these cases. We limit our consideration to only the non-clustering DE.
We are able to obtain the analytic solution of Eq. (2.11)
where F is the hypergeometric function and we use the boundary condition x = 0 when τ = 0 (see Appendix for details). This solution is the same as the one in Ref. [13] when ω de = − de H 0 t when ω de = −1. From this equation we are able to find the exact turnaround time τ ta for general ω de models,
where we use the fact that x ta = 1. It is useful to have the exact analytic form of the turnaround time to investigate the accuracies of both numerical and analytical calculations.
As expected, τ ta depends on ω de , Ω 0 m , and z ta as given in Eq. (2.14). We show these properties of τ ta in Fig. 1 . In the left panel of Fig. 1 , we show τ ta as a dependence on the values of Ω 0 m for the different DE models. We choose z ta = 1 in this figure. The dot-dashed, solid, dotted, and dashed lines (from top to bottom) correspond to ω de = −1.2, −1.0, −0.8, and −1/3, respectively. If we have the same Ω 0 m for the different models, then it takes longer time to the turnaround for the smaller values of ω de . The smaller value of ω de means the higher pressure against the gravity. Thus, it takes longer time to reach to the maximum radius of the overdensity for the higher pressure universe when we have the same amount of Ω 0 m . We also need more matter to overcome the higher pressure. We also show the z ta dependence of τ ta for the different DE models when we choose Ω 0 m = 0.3 in the right panel of Fig. 1 . Again the smaller values of ω de give the larger τ ta . An interesting feature in this figure is that as z ta increases so does Q ta . For large z ta , Q −1 ta approaches to 0 and thus τ ta approaches to
Now we work on the evolution of y. We only consider the α = 1 case and Eq. (2.12) becomes
For general ω de , there is no analytic solution of Eq. (2.15). However, we are able to obtain the exact analytic solutions for ω de = −1/3 and −1. First, we consider the case when ω de = − 
The solutions of the above equation are given by (see Ref. [13] )
where ζ 13 and τ ta13 denote respectively ζ and τ ta for ω de = − virial theorem later. However, we first consider the simpler estimation to obtain ζ values for the general ω de . If we define z c as the redshift at which the cluster formally collapses to R = 0 according to a spherical solution, then this collapse time is twice the turnaround time t c = 2t ta (i.e. τ (z c ) = 2τ (z ta )) [5] . If we adopt this fact, then we are able to obtain ζ from the above analytic solution in Eq. (2.18) 
19).
After we obtain the value of ζ 13 given in Eq. (2.19), we are able to find the values of x and y at any τ ta ≤ τ ≤ τ c from Eqs. (2.13) and (2.18). We constrain τ ≥ τ ta to show the evolution of x after the overdensity radius reaches its maximum. In the left panel of Fig. 2 , we show the evolution of τ as a function of x when z ta = 0.8 and Ω 0 m = 0.3. The numerical solution (denoted by dots) is definitely the same as the analytic solution (solid line). In the right panel of Fig. 2 , we show the evolutions of both analytic and numerical solutions of y(τ ) for the same values of z ta and Ω 0 m as in the left panel of Fig. 2 . Now we consider Eq. (2.15) when
We obtain c 1 = ζ + Q 
where EllipticF and EllipticPi correspond to the elliptic integral of the first kind and the incompelete elliptic integral of the third kind, respectively [16] . Also
. The integral constant c 2 is able to be obtained when we use the boundary condition y(τ ta ) = 1. Even though this is the exact analytic solution of y for ω de = −1, this formula has some problems. First, this is inconvenient to use. Second, this formula does not produce the correct value when B > 1. However, it is useful to have this analytic solution when we derive the form of fitting formulae for ζ and y for general ω de cases. ζ 13 given in Eq. (2.19) is exact only for ω de = − 1 3 . Thus, we need to find ζ for general ω de . As we show in both ω de = − 1 3 and −1 cases, ζ is a function of both ω de and Q ta . Also it depends on α. Thus, we are able to derive a reasonable fitting formula for ζ as a function of ω de , Q ta , and α. When we investigate the numerical solutions of Eqs. (2.12) for general ω de , we obtain the fitting formula of ζ
where Ω mta = Ω m (x ta ) =
1+Q
−1 ta and it becomes 1 when Ω 0 m = 1. Thus, this choice of the fitting formula is consistent with the fact that ζ = ( 3π 4 ) 2 in the EdS universe. Also Ω mta is a function of ω de , z ta , and Ω 0 m , and thus it is a function of all the variables in the consideration. Even though we consider α = 1 model in this paper, the above fitting formula is good for any value of α. The special choice of this fitting form of ζ is independent of α when ω de = − 
This approximate solution is obtained from interpolating y values for the wide ranges of the cosmological parameters and one can further work on the similar fitting form by changing interested ranges of the cosmological parameters. There are several reasons for the specific choice of the correction term − . Thus, the correction term should not appear for ω de = − 1 3 and thus we put (1 + 3ω de ) in this correction. Also as z ta increases, the contribution of the correction term decreases. Thus, in the approximate solution we have the power 3(z ta − 0.6) term. Also we find that z ta ∼ 0.6 in order to have z vir ∼ 0 in the concordance model.
Since we know the exact value of τ c from Eq. (2.13), we are able to estimate the goodness of the approximate solution given in Eq. We claim that ζ sk gives the better fit than ζ ws for both general ω de and a wide range of the cosmological parameters. As we expect, both give a good approximate value when z ta increases. Again this comparison is possible because we know the exact collapsing time τ c = 2τ ta for each ω de model. In Fig. 5 , we demonstrate the evolution of both numerical and approximate analytic solutions y for some cases. The circle and rectangular points represent the numerical y values when we use ζ sk and ζ ws , respectively. The diamond point (the grey point at y = 0) indicates the exact value of τ c obtained from Eq. 
Virialization
If only the matter virializes, then we are not able to use the energy conservation in the virial theorem because the dark energy does not virialize with the dark matter [8, 17, 18, 19] .
where U cluster and U de are the potential energies associated with the spherical mass overdensity and with the DE, respectively. Thus, in the presence of the smooth DE, the dark matter can Rta we use the assumption ρ de (z vir ) = ρ de (z ta ) as in the reference [17] . With this approximation, we are able to obtain the equation of y vir = R vir Rta for any value of ω de :
An interesting feature in this equation is that we obtain y vir = 1 2 like that in the EdS universe when ω de = − 1 3 for any given values of Ω 0 m and z ta [13] . Thus, we are able to obtain x vir of the ω de = − With simple algebra by using Eqs. (2.13), (2.14), (2.18), and (2.19), we obtain
where we use the relations
Qta in the second equality [16] . Even though we obtain the analytic expression of x vir in Eq. (3.3), generally this equation can be solved in a non-algebraic way. However, x vir can be represented by the approximate analytic form for the wide ranges of the cosmological parameters (Ω 0 m and z ta ) if one analyzes the form by interpolating x vir values.
For the EdS universe, Eqs. (2.13), (2.18), and (2.19) become
where we use F [
, 0] = 1 and τ ta = 2 3 . The above equations can be generalized to any value of ω de when Ω 0 m approaches to 1 or z ta goes to a very high value (for most of the parameter spaces z ta ≥ 5). In the EdS universe, y vir = 1 2 from Eq. (3.2) . The commonly used assumption to obtain the nonlinear overdensity ∆ c in the EdS universe is that τ c = 2τ ta = 4 3 which is the collapsing time for y c = 0 even though one uses y vir = 1 2 to obtain ∆ c . By using this assumption, one obtain x c = 2 
However, we can obtain the correct value of ∆ vir for the EdS universe because we know the exact relations between τ , x, and y. After replacing y vir = As ω de becomes large, the structure is formed earlier and ∆ vir becomes large. There is only gravity involved in the structure formation in the EdS universe and thus it requires less overdensity than the one with the pressure. Thus, the minimum overdensity for general ω de models is about 147 instead of 178. We show this in Tables 1 and 2 . As z ta increases, ∆ vir approaches to 147 instead of 178.
The ratio of cluster to background density at the virialized epoch z vir for
where we use Eqs. (2.3), (2.6), and (2.19). We also use the fact that y vir = 1 2 independent of Q ta . We are able to obtain ∆ vir for the given cosmological parameters by using Eqs. (3.3) and (3.9) . It is also useful to express z vir by using z ta and x vir from Eq. (2.9)
Now we are able to extend the previous consideration to general values of ω de by using Eqs. (2.13), (2.22), (2.24), and (3.2). We show several quantities for the different models in Tables 1  and 2 . We need to clarify several things in these tables. First, structures start to form earlier for lager ω de and thus ∆ vir rises with increasing ω de . Thus, we are able to distinguish between the z ta = 0.7 Table 2 : ζ sk , x vir , y vir , and ∆ vir with the given values of the cosmological parameters for the different DE (ω de ) models. Independent of model parameters, ∆ vir converges to 147 as z ta increases. models from the observed cluster at a given z vir . The other important feature is that as Ω 0 m and z ta increase, the model dependence of the observed quantity ∆ vir decreases. Thus, the low-redshift clusters are the better objects to be used for studying the properties of DE. Again as z ta increases, ∆ vir approaches to 147 instead of 18π 2 ≃ 178.
From Eq. (3.9), we are able to investigate the linear perturbation at early epoch ∆ where we use √ ζ = π 2τta . The above result given in Eq. (3.12) is true for any value of ω de because ω de dependence of x and y is disappeared in the τ → 0 limit. From this critical density threshold δ lin (z vir ), we are able to obtain δ lin at any epoch by using the relation 13) where D g is the linear growth factor. There is the exact analytic form of D g for the DE model with the constant eos [20] .
From the analytic forms of dynamical quantities x, y, and ζ, we are able to estimate the abundances of both virialized and non-virialized clusters at any epoch. Also the temperature and luminosity functions are able to be computed at any epoch [21] . Thus, these analytic forms provide a very accurate and useful tool for probing the properties of DE.
Conclusions
The exact solution for the evolution of the background scale factor in a flat universe with the dark energy is given as a function of time. This provides the exact value of collapsing time and makes it possible to test the accuracies of both the analytic and the numerical solutions. We obtain the exact and approximate solutions of the evolution of the overdensity radius with high accuracy. From these solutions we are able to estimate the non-linear overdensity at any epoch.
Even though the analytic forms of y and ζ are obtained for the constant ω de models, they can be generalized to the slowly varying ω de ≥ − 1 3 because they provide the very accurate values of them for the wide range of cosmological parameters.
The virial theorem provides the exact value of the virial epoch for given models. From this, the value of the non-linear overdensity is obtained. In the high matter density and/or the highredshift clusters, the model dependence of the observed quantities becomes weaker. We are able to categorize the physical quantities of the low and high redshift clusters for the given models.
From the correct value of the virial radius of an EdS universe, we obtain the correct linear and non-linear overdensities for an EdS universe, which are lower than the known values. In this paper, we show that clusters are formed earlier than those from the conventional model. Thus, the mass of the cluster is larger than one obtained from the conventional model. This will affect to the prediction for the different models for the cluster abundances, the weak gravitational lensing, etc.
A Appendix
We derive the exact solution of τ as a function of x given in Eq. (2.13). After replacing the variables Z = − x −3ω de Qta and T = ( where ζ 13 is given in Eq. (2.19) and τ ta13 is τ ta for ω de = − 1 3 . τ ta13 is obtained from Eq. (2.14) as
where Q ta13 is Q ta for ω de = − where EllipticF and EllipticPi represent the elliptic integral of the first kind and the incompelete elliptic integral of the third kind, respectively.
We also check the linear perturbation at early epoch, ∆ 
